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Abstract

URS

In this note we would like to reiterate in a concise manner several issues of higher and infinite derivative
field theories and gravity theories with a hope to wake an interest to solving these questions. Namely, (i)
appearance of ghosts even if a ghost-free condition is fixed, (ii) background dependence of the presence of
ghosts and possible cure with higher curvature terms, (iii) unexplored connection of the space of solutions in

analytic infinite derivative gravity and existence of Fourier transform, and (iv) related problems.
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This section serves as an introduction and motivation to the infinite derivative theories in general and
infinite derivative gravity theories in particular. Several historical references are in order (We do not have a
purpose to site here all the literature and silently assumes “references therein” in most cases throughout this
note. This applies both to the introductory part and to the more technical sections.). It was shown already by
Ostrogradski in 1850, i.e., 170 years ago, that higher derivatives will lead to problems of energy unbounded
from below [1]. Later on, in the first half of twentieth century, mathematical works appeared studying solu-

tions of the infinite derivative equations with the motivation ”in case physicists will need them 1 day” [2-4].



What surprised me personally that a very comprehensive paper on the subject has appeared already in 1950
by Pais and Uhlembeck studying many of the field theoretical questions which we are going to discuss in this
note [5].

AN — TR SEEEIE, WHZTTIR S IS T NI IR R El, R SORFIHE T
PSSR (A SCTERAE B HIFTA SR, 28BN FRRAE S “Ho s FHRHER SR, iX—M
WBEEM T 515805, EHTEBRIENET), FA1E 1850 48, g 170 €A, BUYREPI8H
R EaiEh, Ea SRS SHEERTL NRIERE (1], 25, 720 thed BfErt, Ea#
TAERFARTIR S ETTRRRIME, SR SIE “WAE— R 2R HEIEN]” [2-4]. £
RO, FAE 1950 48, AT UTIAR T —RAER 2EAIES, WIR T FSASCRE
FISHIIZIEHH R (5],

Later, higher derivative and infinite derivative theories have started to arise more often in the literature
with just some citations here [6-25] and notably in recent attempts of quantizing gravity [26-29]. However, one
of the most solid appearances of such models happened in string field theory, the second quantized description
of strings [30-33].
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We immediately start with an example. Naturally, before jumping onto gravity, one will benefit discussing
a simple scalar field leaving gravity for the next sections. A model example providing such a higher derivative

modification can be readily written as follows:
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where [] is the d’ Alembertian operator. This toy example can be traced to string field theory which
on top of many attractive features contains analytic infinite derivative (AID) operators or form factors acting
on space-time fields. These operators appear analytic at low energies making IR limit easy to discuss. The
characteristic scale, the so-called scale of non-locality M separates local (IR) and non-local (UV) regimes.
Usually we set it to unity, but in the full picture we should have f ((J/M?).
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In this simple example, we may have a propagator of an infinite order in derivatives, and there is an
interaction term which we assume generates a bounded from below potential. These are the features typical
for non-local models that have applications to quantum gravity (renormalizable and ghost-free AID theories)

[23] and UV finite non-local scalar theories with an arbitrary potential [24, 34, 35] . For the metric signature



(= + ++), the above Lagrangian describes a normal non-ghost field if f = 1 which is moreover not a tachyon

form?>0.
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Namely the ability of higher derivatives to make theories known before as non-renormalizable UV com-
plete makes such constructions extremely attractive.

IEREMN SR RA N A BRI HICER IR, X R EXERER ARG,

To see why SFT plays the role of the most robust motivation for theories with an infinite number of
higher derivatives in the form of analytic form factors, let’s see the kind of Lagrangians which arise in the SFT

construction [32,33]:

N HBHSEIE MM RE SO AT T IRR I B TE 55 b S B R AT SE R 7 ahAL, BATIRE X
e iE R RIRhAS I H 8IE R [32,33]:

Lgpr = %40 @O-m?)g-V(eQg), ©)

where o ([]) is some polynomial of the d’ Alembertian [] and V is some interaction, polynomial in its
argument and the lowest degree of the field ¢ in V is 3. In other words, V does not contain quadratic in ¢
terms. Technically V is not an interaction potential anymore since it has clear momentum dependence. In
string theory, the scale of non-locality is the string mass which is theoretically bounded by the Planck mass
Mp from above.

Hrb o (O) BEMDUREARF O KRN 2T, v 2R MEEERD, 2HAEZRNZHN, 7 ¢ £
V REIRARIRECN 3. BATER, V AE o IR, WEZR B, v ESTERMEEIERS,
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From the perspective of the latter Lagrangian, we have a theory with AID vertices. One can however
easily redefine the field as ¢ = e~°@gp and move the AID operators to the quadratic in fields term. This
yields:

M ERRASEA H BRILARE, BAURE] T — Dt IR SBUURRER, SEBRITT RS S
HAEIHEHE SN ¢ = e Do, LTRSS BEFTZ I —RTiF, 52:

L=24(0-m2) D¢V (), ®

which is exactly Lagrangian (1) where f([])”" = 2@

XIEGFRERSRH & (1), Hb fO) 7 =20,



In a well-defined scenario, one should avoid ghost fields, and this is one of the guiding principles limiting
our AID theory construction. We know starting from the paper by Ostrogradski [1] that higher derivatives
generically introduce ghosts. Since the number of degrees of freedom is counted by the number of poles in
the propagator, one may try to keep only one pole even with extra derivatives in the Lagrangian. Given the
construction above, this can be made only if the original operator ((J — m?) in the quadratic form is mul-
tiplied by a function of the d’Alebertian which has no zeros on the whole complex plane. Mathematically
the only possibility for such an extra factor is an exponent of an entire function. This being said as long as
the ghost absence question is concerned, we can consider o ([7]) to be a generic entire function and not only
a polynomial. The presented construction can be trivially elevated to models in a curved background by a
simple replacement of the flat space-time d’Alembertian by its covariant counterpart. This will not spoil the
ghost-free condition in any way.
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BUCHRERITE, BATRTELR o (O) MO — B EY, TEARURIR T 200, _Eidaiga] DAL
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Higher and Infinite Derivative Theories and Ghosts

rilb SRS iR SRR e

We stress however that the non-local function itself depends on the particular vacuum of the potential in
order to guarantee the absence of ghosts. Namely, consider a potential that has several vacua which moreover
arrange different masses to the scalar field. The presented above construction allows having no ghosts only

in a single vacuum in which the mass of the field is given by m? . In other words, in this vacuum V"’ (¢) = 0.

HEIFR R, TR SR T AT ES, D RIESFE R, R, FE—
MEEZDNEZNSE, NAESSGRESR T A RNRE, EREEER —EE R RERIETT R
Y, ZEZETZRER m? S, MAIER, FZEZF V(9 =0,

Aslong as V" # 0in a vacuum which is true in a generic situation or around a classical background, an

attempt to linearize equations results in the following operator in the quadratic form:

HE V" #£ 0 T — BB B =ik, MK E, —BH2E2 T E
I

Ko (@D = 3 (@ - m2) O — I o

Here we use m?> = V"' (¢) with ¢ being the classical background value of the scalar field or simply a

nontrivial vacuum. This particular operator results in infinitely many effective local scalar fields with most



of them having complex masses squared.

HALBAVER m? = v (¢), Hrb ¢ BARESNEIE RMH, SRR IFELAES, ZRERET
XMIETE 2 N RREIR RS, HP RSB RE 7T N E .

Suppose we consider a theory in which in all vacua V"’ (¢) = 0. Then we name these new fields effective
because they do not belong to any vacuum of the model in a sense that they cannot be created as states in
any present vacuum of the theory. Still, it is nothing wrong with linearizing around a non-vacuum point of
evolution especially if the effective mass is a slowly varying quantity as it is for any nearly flat potential (e.g.,
during inflation).

BZENTZE—DITEES TR RE V' (¢) = 0 BIEIE, BATRIXEFIIHIR AR, FNENR
J& TR S — BV EN IR E IR R A B NS4, BIEnt, fEsfk
AUFEE S RSO A A, UHOR YA RUR ARG, (R A HET 21X — TR0 (B
UIE-J SUEELE)N

To understand why many fields appear, it is useful to represent the operator function of the d’Alembertian
utilizing the Weierstrass product decomposition for an entire function which tells us that any entire function

G (z) can be presented as

NERENT 2 HBLZ N, BATR] DA AR R BRI BR R DR AR 7 R R RIS A DUR BT Y
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where z; are algebraic roots of the equation G (z) = 0, n; is the root’ s multiplicity and g (z) is some entire
function. In a simplest case, all n; = 1. The outlined above operator X is a manifestly entire function. A
further justification to make use of this formula in general comes from the fact that at least the string field
theory obtained models certainly contain only entire functions of [] as operators in field quadratic forms.

Therefore, in a generic case for models containing the following quadratic in field term

Hr z; BITENRER, §(2) = 0,n; BIRMEL, g(2) BRENBEY, REBNFELT, i
n =1, ERB/HNET X BRR—MERE, —BER MERZARXIHE—PRIER, £V
e ERRIER S, o RANE TR REEXT O BER, Fit, MTEEm TR
Ay — Rep A

L= %¢9(D)¢+--., (6)

with an entire operator function G ([]) , one can easily achieve two things [36,37] :
XNFEETRE G (O), HITTLMRAZSEIM MR [36,37]
« First, the free equation of motion can be easily solved. Indeed, it would look like

- BJt, BHHBEhRERDIRES K, BAKY, 75REEAN



S@@e=]@O-m)eO¢=o0. (7)

We assume here for simplicity that the root’s multiplicity is always one. Then the solution will be

AR R BATIBRR AT A AR R N 1, ARAf#EA

¢= Z ¢; where ((J—m?)¢; = 0. 8)

Moreover, since the original model provides a form factor with real coefficients in its Taylor expansion

around zero, all roots are either real or come in complex conjugate pairs.

HAh, BT RS AR RIS MR T R BTN, RIATERE 2R, Ea L
HHTE M I UL,

For a pair of complex conjugate roots, numbered say i and j , one should consider correlated initial
conditions on functions ¢; and ¢; such that the sum of these functions is zero. This is a condition for a

consistent background solution for the original field ¢ which must be real.

TR, GINGSh i f j AR, TEXNEE ¢; 1 ¢; HEMKBHIIGTRAF, 15 ML
ZHNZ, IXRRIER ¢ BIHE S B 6 BN SRR Z 24

We note here that more than one real m? will definitely be a ghostlike excitation and is as such a prob-
lematic configuration. However, pairs of complex conjugate masses squared are not obligatory bad and may
lead to hassle-free models. Notice that in this case, one encounters somewhat noncanonical complex field
model which has the following Lagrangian:

BAVELAEE, 205 m?2 RN NREIEE, BTERESERE, B8RRI —E
TN, Kma] PSRN R BEERL, FEAAXMEN R, RS2 2IEFENE SR Hi
MEHH EN:

1 ’ ’ * *
Li=3[9 (m)¢@-mi)¢+9 (mi")¢* (O ~-mi")¢*]. ©)
which cannot be diagonalized in real fields. Factors of G’ (m?) appear upon computing the Weierstrass

decomposition.
ELEELGZRN AL, HEBURETRRS RN 2152 6 (m]) F+

The appearance of complex conjugate poles and their interpretation was already discussed in [7]. In a
nutshell, such poles with masses m = u + iv with v > 0 would imply causality violation at distances less than
1/ \/5 . Even generically an alarming symptom, it can be safely ignored given that the imaginary part which
would cause troubles is large enough compared to physically important scales of the model. On top of this,
absence of classical growing modes should be guaranteed to claim safely that newly appeared particles do not
interfere with the rest of the model. It is important to verify that this wishful expectation holds.
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« Second, one can straightforwardly compute residues at all poles of the propagator. The point is to figure
out by use of formula (5) that a residue at the point of m? is given by 1/G’ (m?) which is not zero by

construction as long as all roots are assumed to be the simple ones.

o HIR, BAATAEEHEAERE T IrE AR B, BoLZEE AT (5) 198 m] mALHI AL
N1/G (mi), REFZFAERERER, RIEEEZEBEANE,

One technically important point here is that in principle fields can be rescaled to a somewhat arbitrary
number. This implies that unless we clearly understand the field’s normalization, or unless there are no

eternal guiding principles for doing that, one can always bring the real part of the residue value to be +1 .

A — N ER R E R, RN AT DR BERNE, X RRE RAEEAT I 7 iz 99
—1k, Eim???ﬂiﬁﬂaﬂ—ﬂ:H@éﬁ—i‘av)ﬁﬁlﬂ, 75 S RT DAY B R SCRR AN +1 6

The novel and an intuition breaking thing here is that the very situation of changing the number of
degrees of freedom dynamically is extremely unusual and is met here only due to higher derivatives. Moreover,
the jump is bizarre from a single excitation to effectively infinitely many of them, and most of those extra
“would-be” excitations have complex masses which are totally alien objects in canonical field theory. What is
even more curious, neither vacuum of the presented theory can create anything but one real massless particle.

IHEACHTR ELA TR EL B A R T B1ASHCE E H EERX A R U B SRy, (e =B S it
FASHEL AN, B HEEMNEANEUZBRERISR BTS2, R+ ER; mEXEFIMG “HE”
BERZEAERE, REENZICHREERENFE EARENE, A dRtrHieH, £
M EZEH R BE = A — N E SR T R

Hence, in principle, we can say that those effective fields are not excitations in any way and as such
just stop discussing them. However, since their appearance, even effective, is not a completely understood
process, we are going to follow a safer way and show that these "would-be” degrees of freedom are screened
by having huge masses compared to real physical scales in the model. This follows from the adjustment of the
non-locality scale A to be heavier than the Hubble scale during inflation. Also we will formulate a condition

allowing no classical growing modes for these new modes.

I _EBATTAT ONAIR R BUARANZE R R, BRI EIA, HiTEra s (&
ERAMHID) 52— DR RBMRANIRE, AR RICE R 2 19 B IEIIX LS “fE” B i
TREZA TP ECYBEREM R, X —a5eIR T RO IEE IR E A RN R
IR HARIIG PR, BATER 40 HIX R A e i KA 5 Fs

Masses of effective particles are given by roots of an algebraic equation [36]:

A RORL B SR NIRRT R RIIRSG H [36]:



K (m3) =0 (10)
What happens is that the masses of the fields are very large compared to the non-locality scale. This is

however not enough to be relaxed about their presence, given that half of them are ghosts.

LPRIEIUE, XL IR EAE IR E I R E CETE R R, (HIXIEAR R UEFA TR BN
DR, ROHEA—E#E 7,

Additionally we want to see that it is possible to have no growing classical solutions for these new effective

modes. This simply boils down to solving the free equations of motion of the form:

HANBABEREERIA, IXEHHA RS s SE AT DAAF AR R ATZR L 3K — (A1 mT DAfa] 2 SR A
Mg E Hiasl T

(O-mi)¢=0 (11)

for all modes enumerated by k .
XA H kAR IC A EURAZ,

Let’s start with the background d’Alembertian operator evaluated on the de Sitter background. Even
though the equation looks familiar, it gets a new twist because mj is complex. Given that the Hubble pa-
rameter is denoted as H for our background de Sitter space-time, the solution to the latter equation is given

by

BAVENERRHE SRR VURERTIHAT I, BARX N T REEERRAE, HEHI THE
e, BN m; REE. FH HFZRERERN SRS, LR

FNJINe}
|
=),

¢ = o3t <odp (%e_m) +BY, <%6_H‘)> with p = —
(12)
where Jo, Y, are Bessel functions of the first and second kind and a,, is the normalization of the scale factor
in the metric tensor at t = 0 and «, § are integration constants. Absence of growing solutions means that for
large times ¢t which correspond to small arguments of the Bessel functions both branches with coefficients
a and 3 at most freeze to constants or have nongrowing oscillations. This results in the demand that both
functions in the solution grow at most as e3/%/2 | Series expansion of Bessel functions with index p near the

origin tells:

Hor 1, v, N —FMEE 2R NEREE, oo REMKETRERFE = 0 LR, a8
B E, DAEN KRS, NN IUE/REENEEICRNTE ¢, KRBT o f1 g HIH
MITIRL AN TR, HEMAKIRG, XERFEHHHARE KR R 2 A SH2
JE RIS o B DUZEIR R R BURTT N

Jo (x) ~ xP, Y, ~ x7P (13)
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and it follows from here that we are good to go if Re (o) < 3H/2 . Upon some algebra one can figure out

that this corresponds to

HHERT R, iR SR Re (o) < 3H/2 I, TATHIGHIEKAL, S BT AT IS ENZ A R T

(Im (m2))” < 9H2 Re (m2) (14)

This selects the interior of a parabola-shaped domain on the complex plane. All solutions in (10) must
satisfy this condition. This condition prompts for a careful choice of an entire function in the exponent of the
infinite derivative operator, and we see that a simple choice of a polynomial does not fulfill the formulated
requirement. However, known facts in the complex analysis do not impose any restriction to have such a
function, and one can try to obtain the desired behavior by combining the Cauchy integral representation
for holomorphic functions and the Weierstrass decomposition valid for entire functions. In particular one
can deduce the following sufficient condition on the entire function in the exponent of the infinite derivative
operator: the absolute value of this function should grow to infinity only along the positive real ray and be

bounded in any other direction.

Xt 72— MU XIS AER. (10) FREIFTA ARER AR X — 55 A IRFRIFEK
BATEREF TR FBE TR RERE, n] DL SR 2 ORI 2 C IR HIIUESR, A,
ST ERZEIRFF AR X R BURIE MRS, FATTAT PAZZIASE & 2L AR PR 73R
NG TR R B BRI T 0 RS B TUIRIAT N R, FRATA] DA S HIER S 8E 1
TEEH R BREGIH R AN R FE 0 251 X B B E T IE SE S K= T055, BAERTA HAbTT
R

Turning to a usually more simple Minkowski background, we see that there is no way out of ghosts. H

effectively goes to zero and solutions simply become:

EmititEEERRORRE R, ROLITEEREN RS, H LR EETE, WiIEZESN:

¢ = PoseMkl + po_em Mt (15)

meaning that aslong as there is an imaginary part in m, , one readily has exponentially growing solutions.
One can boldly say that non-locality forbids pure Minkowski space and advocates any nonzero cosmological

constant.

XTEWRE R my PAEERE, SR A EFEEOE KM, AT AR, JRREEr e
ARSI P RITEE 2R, SCRFEEF T 2

An interpretation of these new fields is still unclear, while there are several including reasonably old stud-
ies [5,7,38,39] claiming that they do not spoil unitarity at least at scales below the scale of higher derivative
modification M . Another approach designates such fields as totally virtual degrees of freedom, and a term
fakeon is used with respect to such excitations [16] especially in describing certain aspects of Lee-Wick-type

models.

11
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What is important to the currently ongoing study of the infinite derivative gravity [21], this problem is
there as well. Let us recall the logic of the non-local gravity: adding higher curvature terms to the Einstein
gravity action is not forbidden but generically creates ghosts; however, due to the success of the findings by
Stelle, we see that the curvature-squared gravity is renormalizable; it is however non-unitary due to a ghost,
and an attempt to cure the issue adding any arbitrary terms shows that only infinite number of derivatives

can be combined in a ghost-free Lagrangian.

TS RTEEMT AR ER S 85 177 [21], EZEAZXNEBEZHIEPRFEFE, BIPREHEER
51 HHNZE: EE KEEES I E I RO A p2E LR, H—REI-4AERg; A, &
i T Stelle AURFFURMCER, BATHIERZR-757 51 2 AT R ; EERNEFERIMIFAIERN, =
ITSIME RO R OUZ S &, RATES 2/ FEEVH S A RERTC R IHAS A H &,

This section is important to understand how the same very problem backfires in higher derivative gravity.
This general problem gets a new turn. Suppose we fix our gravitational Lagrangian, assuming it is a funda-
mental theory. Then only a single chosen gravitational background can be made ghost-free. Even though we
just have seen that one can contain ghosts in some sense around de Sitter space, other backgrounds were not

studied yet.

AT TR R — D AR e = S 1 s B B, XA RS L TR
T, BOREAWAHE 151 DA H &, RHAONEARRIE, AR A —DNEER51H 5 0] PR
TR, REBNCEED, VRS RE B DEEME X EARY), HEMERAARG
ElI i

As one of the idea of one can try to solve the Klein-Gordon equation with a complex eigenvalue in a
background of choice and see whether there are conditions how to bound all the solutions. This is obviously
not an easy task though as in most situations one will not be able to get analytic solutions. A resolution to the

moment is to leave this question for future study.

A—MERE, BT UZIAEIEEE R PRBEAMEERORE-KE TR, BERGFERY
RETA R, PEXERTZE S H, FINRSEIGE RIS ZIT . BIERTLE,
AU RE B AR IS

One can wonder isn’t this enough to disregard infinite derivative theories as such? Our answer is "no.”
It is not enough. The present understanding of many theories leads to higher derivatives. There are plenty of
unexplored yet ways to have a fresh look on them. At first we notice that SFT does have infinite derivatives
and does have unitarity. This implies that our view on infinite derivative theories in the coordinate space-time
formulation can be just incomplete. The other argument is that only infinite derivatives can make gravity
ghost-free as long as diffeomorphism invariance and general Lorenz covariance are preserved, at least in the

framework of Riemannian geometry.

12
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These aspects are going to be highlighted below.

IXEETTHPRAE N ORI IE,

Most General AID Quadratic Gravity Action Around Maximally Sym-

metric Space-Times

O PRIN T 5t M —# AID RS 1ERI &

Now we turn to gravity, namely, to quadratic in curvature gravity theory as it was shown some time
ago that such a model is the most general approximation to study linear perturbations around maximally
symmetric spacetimes (MSS). This section will come to the necessity of infinite derivative theories of gravity

without any strings attached.

BAERAER A5, BACRTRINR 0I5 e, WRTE AR, AR RN
23 (MSS) EePEMPLAI R —RIE Ll AT R R IN A AR TERR S 2G5 | BRI R 2

Reduction of the Equivalent Action

SR RLE

One of the most crucial results of [40] provides a most generic action for studying linear perturbations
around MSS. Consider the following action:

SR [40] IREERILE IR —, S TR RS E (MSS) A B ZMEMItr R — R EM R, &
JEUN MR &

S=fd4x\/—_g PO"‘ZHPL'OL'IQH]’ (16)
7T

where P, Q depend only on the metric, Riemann tensor, and curvatures while O depend only on covari-

ant derivatives. This action accommodates virtually all higher derivative gravity theories with an analytic
dependence on curvatures and covariant derivatives. Assuming an existence of at least one (A)dS solution,
the action relevant to study linear perturbations of EOM (coming from the quadratic variation of the action)

around such a solution boils down to

13



Hrb P, Q (UK T AL, REKEMENZR, 1M 0 (UM THESE, IFHARILTHE T HEx
2 DAL FEAEAE AT (IO = B S 25 [ ELE, BRIREDFE— () TEPERHE, Wi
Flizz 7712 (EOM) SeME MRS E T & (FRIEF BRI [ 22015 2l) ATl

2
S = /d“x\/:g[]\%R a7

+2 (R QDR + Ry 2 (DD R + Ry T (N RAP) — A,

where 1 is a dimensionless constant which is convenient to control the magnitude of the R? modifica-
tion and A is an in principle possible cosmological constant term. Briefly the reduction is done by carefully
accounting all possible terms which may contribute nontrivially to the second variation around MSS (and
dropping all other terms). The fact which is heavily used on this way is that all curvature tensors on MSS are
annihilated by covariant derivatives.

Hp 22— NERBINHEE, MT77 @5 R BRUIRIERE, A N _ER— AT RERY T 25 B,
ZEMCIE T4 SRR TR SRR 1E] (MSS) J& FE — B2 73 A AR TR sTBkA I OF 278G
HABIN) ek (RIS R HR B A RIZEIEE: BANFRZHE (MSS) _EATA iRk B2 ST
HEK

An important assumption essential for the actual computations and which was discussed in the Intro-
duction is that all functions F are analytic. To be precise we need at the moment to have these functions
analytic around zero. This is indeed required from the physical point of view. We want functions F ([]]) re-
duce to constants or vanish in a low-energy limit because we have to restore GR at very low energies. There
is also other way to understand this. In writing & ([]) , we always assume that there is an energy scale of
the gravity modification M , which we name the scale of non-locality as in principle we may have infinite
derivative operators ( M should not be mixed with the much lower energy scale M at which the R?/6M? term
in the local R? inflationary model becomes comparable to the GR term R ). This scale enters as F (I:I/Mz) .
Even though for most of our technical steps we can put M = 1, we still want to have a local or trivial limit
once M — oo in order to be able to eventually restore GR. Hence, we come to the conclusion that functions
F must be analytic at least in the origin.

KhRHHERBAA] D — PN EERE (BT S TITIE) 2: Frh B 7 ST, R,
BATH RTZRIX L AR T ST AT, WA R B RSB/, BATZEREH 7 (O) £
REEMIR MRMAFEREFTF, FANBAMIHREEMRRE TRES AL (GR), IERT PAMNS—
AR RS H 7 (O) I, BAGLARILS I HESAFAE—DREIR M, AR AR EARE,
RN TR U] _E= AT TAT BRI TE55 B S ECRAT (0 AR5 RERRIS ZHURERS M TRIE, £ M &L, /i R?
R R?/6M? WIAE1G5 GR T R AH), ZAEARDA 7 (O/M?) IR B RETA]
FEREAEARL AR DAL M =1, EHENMIRFHEDL M - o WNFRIRIBECFRHRIR, DUER
RE T SR, RIBAS HEEIE: R F 2/ DRI AL TR

Proposition. Action (17) is redundant in describing linear fluctuations around MSS.

amel: {EH & (17) TERNR B FRZZ A (MSS) Ji Bl L MRk I 2 AR,

=t
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This proposition can be proven to be true because the previous analysis did not make use of Bianchi
identities which is the cornerstone of the succeeding further reduction. To start with, action (17) can be

rewritten as

e S TP RAZ, RO ERTEI A HARAIA b B8 R, e B EF U R sttt — P2
WE A, B, 1EHE (17) TSN

S = fd“x\/—_g[MTIZ’R (18)

2 (RTR QR + LT 1 Q)L + Wpo Ty ) WHP?) — A

The purpose of using the Weyl tensor W and L -tensor which is the traceless Ricci tensor Ly, = Ry, —
%ng, is their simplicity. Both are identically zero on MSS. Moreover, W is zero on any conformally flat
background. The term to be attacked by Bianchi identities is the L -piece. A good reason to tackle this term
somehow is that being simple on the background, it produces tremendous complications while trying to com-

pute perturbations.

EFHIMRIKER W LA K& Ly, = Ry, — ing, B L 5K EBAVGHSAE TEM TR R ek
RAFRZE A (MSS) _EERESE T2, 1A, W?" E,UAH/ I R ERETF, Rt Em At
BRWUZ Loy, UEHEIXINE — N SRR E: RECEER R PR, BETREMTNS
%%*&kﬁ’\] 2otk

To make the long story short, we put aside all the technical details of the reduction. Upon a lengthy but a
straightforward procedure, the full resulting action relevant for the study of linear perturbations around MSS

vacua of (16) becomes:

KIS, BAERIELMRIFTE R, 2 BN KEERHHERRE, AT 6) 1
AR FRASR] (MSS) B2 Ja] I M AR 7e B B 28 A B

f d*x\/[—g [ P —LR+Z (RfR (DR + WyppoF w () WHOPO) — A . (19)

We consider this action as a significant simplification of (18) for several reasons (We note that our deriva-
tion is almost dimension independent. The only local term which survives in higher dimensions is the local
square of L -tensor which we can drop in D = 4 due to the presence of the Gauss-Bonnet invariant. As such,
the full action relevant for study of linear perturbations around MSS vacua of (16) formulated in D > 4 can

be written as follows:

BATIONZAEH B 18) AREMMA, FEEWT EMTEESFRMAHES LA RMLEE: mE
FE— B R RIRIUZ L Sk BRRECETT, BT - EEREE, RITAILMED =4 X
FiZ, Kitt, & XAED > 4 £, FITHIF (16) KIS FRAE ] (MSS) B2 8 FL ML 528/ E
i=CIICPR

M? yi
5= [[@Pxy=g| SR+ § RTR @R+ L+ WaapuFw Q)W) = A
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(20)
We still consider using L -tensor is preferred as it is identically zero on MSS. ):

BAMHZRNNER L sk BE, FNEERARNIRZ R (MSS) EEFTE, ):

(i) it contains only Ricci scalar and Weyl tensor and no Ricci tensor or its linear combination with the met-
ric. Weyl tensor enters only quadratically and being identically zero on any conformally flat manifold does not
contribute to conformally flat background solutions. Importantly, spatially flat FLRW metric is conformally
flat.

() BN EHARBNIVRIKR, P& EAKERES EMEREH S, IVRIKEMN LRI
e, BAEERIVEFHEE RENE, KIS FEE fRA k. EEAE, 2H-F
HA FLRW ERLUZ I FHEE,

(ii) as such, any solution already found in the literature with only R¥ g ((J) R piece in the action is a

solution to equations of motion which one can derive from our new action.

(i) Ft, ST EEREIRATAEH &S RF p (O) R WM, [FIFEESE P ABATTHE F 2315
Exl[i\Sp vl R £ ) N

(iii) linear perturbations of Weyl tensor are very simple using (1 + 3) decomposition of the ADM formal-
ism. These were computed in [41], and one can track computations relevant to our AID models in application
to inflation to the end. Actually, perturbations of a possible term with any of the second- rank tensors (Ricci,
Schouten, Einstein, or L -tensor) turn out to be very much complicated and seem to be intractable.

(iii) A ADM B (1 + 3) 70, IVRIKERIZMIETERAER R, HXHEEEH [41]
gath, BATRTDASEEA B G T34 AID B WA B R AR R0 R, SShR b, (EMEE kH
ke (HaikE, Wizkok e, ZROHHKE L 5K E) AR, HINERAMONE 2%, IFRERL
%@O

The crux of this reduction is the observation that one can express, for example, []L,,,, as a combination
of derivatives acting on Weyl tensor and R plus extra higher curvature terms. The following tensor identity

was used:

LRI OAE T BATREL, AT OOL,,, AR TIVRIKEM R (ISEEA S, FIN_EFSh
AR I, HES 2] T R ok R ESF

1
53V Wag

1 1
= _DSMU + mvuavR + m%v#alfxp (21)

D 1 1
+— L ¢ ——— ¢ 2, +—— PRI
(D_z)z paco (D_z)zg‘w “ ' (D-1)(D-2) M

where
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1 1
S0 =5 (R = 50 1y
is the Schouten tensor. The higher curvature terms will either not contribute at all (at least on Minkowski
background) or can be equivalently replaced by quadratic in curvature terms again. Still the action remains

complicate without an obvious hope of solving equations of motion.

NE KR, MR IE A 2RA T (EVERKRERT), o] DSt E R =R
AR, BRfEantt, fERRRTaESR, BAHIERFSE T ERIRE,

It is worth stressing that actions (18) and (19) are not fully equivalent. They are equivalent as long as at
most linear perturbations around MSS are considered. As a consequence, non-MSS may be solutions to EOM
derived from one action and not from another. For example, local R? inflationary background is a solution to
EOM derived from action (18) and is not a solution as long as the quadratic term with a second-rank tensor
is restored in the action. Furthermore, higher, i.e., 3-, 4-, ...,- point vertices and correlation functions are
clearly different in these actions. It is however of course possible that the difference may not be important for

particular models and under certain assumptions.

wEGRENE, fEHE (18) M1 (19) FIERE 2N, & (ERIE MSS TR 2 LM IBINE T,
K, dE MSS ERTEER N —MER B S HEZEh RN, ARET 5. B, R R 2k
HREMNERE 18) FHAVEs AR, B EEREFSIRE S ZH K &R IR, B
M, AN, BRI ERTR (A= P TR AR A E IR R B AR, =
R, ERWAAREER TR —ERIg THFAEE,

Two more things to mention here is that first, we have not appealed to strings in deriving this, and,
second, to this moment we have not said how many derivatives are needed or expected. As one can guess,

shortly we will find that infinitely many.

IXHEEAMRFREG: 55—, FAESFIZERNIAGIAZICHIAE; B2, FIHATYIERA]
A HATRESEAE L VI G THERE], BRI AI, SFBETLTH 2,

Propagator

(37 R

To see that infinitely many derivatives are inevitable, one has to write down propagators for the scalar
ant tensor degrees of freedom coming out of this action. This can be done nowadays simply citing the original

derivation in [21] and the outcome is

NT BTS2 SECR A ANRRN), TRANFES HxEH &4 LMK E B hERER T
S BATRTT S I FISCHR [21] FFAYERGAHESRTA], 455RaT
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5= 3 [ avv=gnte (3- 5 ) @)t 2)

with

Hr
?(@) =1+ mafrok+ 252(0-5) 7w (0+3)
p p

and

A
So = —% f dx*\/~g¢ (i + §) {s(0)es (23)

with

Wi

_ 2 ] — _
$(0) =1+ S5AfroR - —52(30+R)Fx(0O)
Mp Mp
where h' is the transverse and traceless excitation of the metric containing graviton and ¢ is the scalaron.
Kt BEESIHFRIEMBEEBICEML, ¢ 2nE T

Let us concentrate on the propagator for h' . The logic of the higher derivative theories tells us that no
more than one physical pole can be. That said, given that the massless graviton is already in the spectrum,
thanks to the factor (E —R/ 6) in (22), we must demand:

BAPRERITIE bt BERE T, BN SEEICHERE RN, RZHEAE MRS, £T
TS FESATREES, XEHT 22) KPWET (O-R/6), EUHRATBHER:

7(3) = exp (2 (O))

for some entire function w (E) .
X S MR o () ML

Then we see the following chain of arguments. We can take ” = 1 and this will be back GR. GR, however,
is not great and was shown by Stelle that has a way improved form with a local R? term. The latter however
requires W2 to make the model renormalizable. And this in turn generates an extra pole and a ghost as it

corresponds to have #; = 1. Therefore, we neither want 2 = 1 nor we are happy with Stelle gravity.
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& PRBATRE PREEEE: GBI P =1, ghEEZ] T AL (GR), H SAHMIEFF AR,
Stelle IERH, ANAJRIER R? ITA] DA RTE ZORIE L HERUEIE, Aid)E3 8 w2 A REILER ] AL,
X X =AM R R, WNNAFTE Fyp =1, FHBATBEAEZE P =1, WAWHE Stelle 51
jjO

From here we come to a very simple purely algebraic observation that one needs an infinite number of
derivatives in F -s because it is the only way to equate ” and § to an exponent of an entire function. This

advocates our passion to infinite derivative theories as it seems to be the only way to a well-defined gravity.

H RG] — DN EF A AR IE: 1 7 PRELF ZM S, FNXRR P Ml s VN
BHEEBHIME—T7 1R, XEMIE 7 HATNS TS FEGITHEICHIRIFOER, B2 52 RE X511
_‘j%?éo

However, one important issue arises here, exactly the one of ghosts of a kind described in the previous
section. The above operators P and S can be made well defined for one and given value of R, say for R = 0
, i.e., Minkowski. If, however, one wants to consider another background in the same action, new degrees of

freedom will appear.

EXE I T —PNEERE, g bR R R, N T e RBYE, FliR=0
RIXERHE R, BB P s TDMSEIRE Lo RMIRBNVEER —MEHBEHHZES 1
=, BRI B,

One again can wonder: wait a second, what other backgrounds if you already said it all true around a
given MSS. Isn’t it fixed by that? Our answer again is "no.” We indeed have done all the derivation above in an
attempt to see a most general action to study linear perturbations around MSS. This is true. It is however not
obvious from any principle that the above action (18) is not enough to describe gravity in our world. As such
nothing stops us from exploring this action deeper to see whether it can satisfy our other needs. In particular
it can accommodate inflationary Starobinsky solution as will be seen in the next section. This solution has
both nearly de Sitter and nearly Minkowski stages. A problem with infinite derivatives is that only one of

those can be made really ghost-free.

AANFRERRER: 555, RELW ML TERANIE = (MSS) FATELIRERAL, ARELERA
HAE R? MBS REEHE? RAOTWEIBEDRR N BTSSRI RIS RNt
A MESFE T EibR —RAERE, X/, B EEA R B & (18)
AR AR BATI S5 F1, R (T 2 REFHASERATE IR AT FIX MER &, BB ERER 2
BT HATE R, F—HEKNZBER], CIHHR] LAY Starobinsky KM, %R RN BALEPE
Ref BoRIE S R B, o5 FEEIREAE T, MM BHRAE —MEEMEI R EL R,

On the other hand, one indeed can say that just a quadratic in curvature action is not enough. One of the

plausible generalizations is to extend action (19) as follows:

B—75H, NS DR, (NE &R _IRIMNERAEZABN, —fMEENHE 2K ERAE
(19) thEa R
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2
S= fd‘*x\/——g[l‘%za + 2R @R

+ (10 + 55 Moo Tw @ WP = 2. 24)

The new cubic curvature term will not influence propagator of the graviton around Minkowski but can
compensate the appearance of the R factors in (22) in 2 and as such stabilize the system. This scenario is
elaborated in [42]. However, this cure is not enough as this does not void the problem of extra degrees of free-
dom in the scalar sector. Of course a similar trick in principle can be implemented, but then a lot of beautiful
solutions will be lost. In particular, Starobinsky solution will not be a solution anymore (or at least keeping
it as a solution will be extraordinary difficult). This will be explicitly clear from the solution construction we

are coming to in the next section.

HHIEER =R IR RE R N5 FRIEE T, Er]PERE 2 5 (22) 3R BIFRIHEL, M
MASE ZRGt. %77 ROAESCHR [42] IR, ERXMERTTIEHT R, KN ERAHERRER
sector FHATSM A BRI IAEE, SRR bt T DARIZRIARHG AL B, (HRBRIRZIERM, JTTH
72 Starobinsky RN FHEIZHICHIME (BE T, 2O EREENRIRHEEME), X—[FJRIHET
— TGRS B THRIE .

To conclude this section, we would like to say that a possibility of containing ghosts on different back-
grounds by choosing a shape of form factors and as such guaranteeing nongrowing trajectories of new degrees
of freedom is a possibility and its exploration is under construction in ongoing projects.

RIGEATEE R, TAEEU: EERZINA T, B rTREER RS = M6, Mtk
UEHT B HERHUE AR, 3X—7518 HATEEZ METIE FER,

Classical Dynamics of AID Quadratic Gravity Without A

AE A B AID k51 h&8Eh )%

As said before, we may hope to find not only pure MSS backgrounds as a solution to equations of motion.

This section will illuminate how we can indeed find some nontrivial backgrounds.

GORGFTIR, BT EARIREREN4E MSS B SN IBEh T RRIMR, ARG EBE AT ) S5 5 — L&
IEFHHE o

EOM and Solution Construction
123075 P 5 A

Let’s start with the most simple setup without a cosmological constant term. To proceed with the actual

computation, we recite action (19) dropping the cosmological term A :
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PAITMAEAE T8 2 W BN B fel setup FHUATHE, AP REPRIHTER, TATERS HIEHE 19), =
RFHAIA

2
S = f d*x\/[—g [A%R + % (RFR (DR + WyooFw (O) WHPI) | (25)

This action was studied and many technical details were elaborated in [41, 43,44] . We are going to use

them without extensive further referencing.

ZAERBEAE [41,43,44] PHTS, F2EORATHEERSRIT, ROITEERERIXELSE, £
EXIVINE Gl R

EOM which one can derive from action (25) (see [45]) reads:

AIMPER & (25) #ES HEYIZs) 7712 (200 [45]) 40T

Ef = — (M3 + 227 () R) GX — %AS{,‘REF(D)R +22(V#3, — 8400) F O R

+ALY — %55 (Lg + Z) +24 (Rotﬁ’ + 2VaV5)?W (), W’?ﬁu +0 (WZ) =0,

(26)

[S] n—1 s n—1
o= Z fu Z MR, RI-D T = Z fa Z RORM-D, RO = IR,
n=1 1=0 n=1 I=0

The trace equation reads:

TR R

E=(M}-6A0Fg ()R- A(Ly+2L)+ 0 (W?) =0. (27)

Terms linear in Weyl tensor are not present in the trace equation because their trace vanishes by con-

struction on any space-time. Terms @ (W?) can be found in [46].

Weyl 5K B RILMETUR HBAEIL 752, ROVIXRIA A G RN = BN E, 0 (W?) IiA]
£ [46] HKRE,

As a simplest scenario, we are interested in cosmological solutions of the spatially flat FLRW type. First
this implies that the Weyl tensor vanishes, and as such it does not manifest itself in the trace equation neither
in the background nor in linear perturbations. Second, such solutions for the metric are space-homogeneous
and isotropic. This means that system of Eq. (26) has essentially two distinct equations. The standard choice

0
is the trace equation and the ( 0 ) -equation. However, presence of Bianchi identities guarantees that given

we have a solution to the trace equation with zero RHS, then it will be a solution to the whole system of
equations modulo a possible radiation source (which is conserved and is traceless). We are thus focused
on solving the trace equation (27) which is a nonlinear differential (non-local) equation on R, and all the

differential operators are of the form of d’ Alembertian.
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TENEEBRIIEY, BAIREZAHE FLRW BRI F8 A, Ht, XBEWE Weyl (kEANZE, K
HTCIRTET OISR, Weyl KEH AR HIMAED TR, HIR, XLEER RS

E%ﬁﬁﬁ%,ﬁﬁ%ﬁ@@ﬁﬁﬁﬁﬁi@ﬁﬁ¢ﬁﬁﬁﬁoﬁ@ﬁﬁ%ﬂﬁﬁﬁ(g)ﬁﬁo

{H Bianchi [HFARIUE, HHAMGE] T HMATHRETTRAIRE, BRLEREATRERTHR SR CE i ~F
TEETCE), ZWEREAN T RANM. RN EET RBLTGRE 27), X2 —PKT R L
M AERER) 73R8, FrERM o BT B IUREAHE .

We start solving the trace equation by reminding that originally it was proposed in [47] to use an ansatz:

BADTIaRABE TS, EICRIBUCHR [47] SR A Mk

[OR =R (28)

to construct solutions. First we note that the original ansatz also had a free constant term r, in the right-
hand side, but it is not compatible with the absence of the cosmological term. Also we note that this ansatz

was indeed helpful to construct several exact solutions to equation of motion.

KIGEME ERBNER, FERIRNAMEACEE P EEEEI r, , BES T EETHEM
AIRTIRAN A, BANEZE G, X MU A B TS Z Nz 77 AR,

One of the most important implications of using the above ansatz is that Starobinsky inflation [48] can
be embedded in the infinite derivative gravity. This is because the above ansatz is the trace equation of a local
R? gravity.

i BRI R EE N5 1L 2 —, W2 Starobinsky &K [48] FI LA ATCRR S4805 [ 1, X2
N ERORHUE R ER R? 51 TR,

It is instructive to show sketchy how the technique works. Substituting (28) into (27), we restore the
result obtained in [47]:

il BN Z T IR TAR R A R A MR, 5 (28) AN (27), BAEBLT [47] HISEIRILS

(M3 — 6 F g (1)) R — A% (1) (6R,R + 2r,R?) = 0. (29)

The way to solve the latter equation is to assume the algebraic conditions:
RfgE — TR T IR R RS MR A

MZ
3"1(21) () =0, 2—; = 3n %, where F; = Fr (). (30)
Since we constrain here only parameters, we get the most what we can using (28). If we do not impose the
above conditions, then we must satisfy additional equation on R which is the present equation (29). This can

be shown to trivialize possible solutions to just one R = 0. Below is a subsection addressing this approach.
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T ENOOT S EMLAIR, FRI% (28) B2 T ERNESRIR 2R, RN _EiA%
fF, BEAFRATRA0M & SR/ (29) LBHIRISCT R HIMINTIRE, AT DOERIX 25 ATf Al RERYARIR
AME—RIR =0, PXNTRFIHEIX—EE,

Solving (29) Without Using (30)

AER (30) K (29)

Let us find all solutions of Eq. (29):

BATPRKTTHE (29) HIFTH

AR = B(R* +2rR?), A= M} — 6AnF g (r), B =A% () (31)

under the condition that R satisfies the Eq. (28)

E R /B TTE (28) USRI

COR=nR (32)

with7; > 0 and a spatially flat FLRW space-time is assumed. The simplest way to solve this problem is to
reduce the differential equation (31), which is the second order with respect to the Hubble function H = d/a
(the scale factor a (t) itself does not enter due to invariance under rescaling of all spatial coordinates), to an
expression containing R (¢) only which should be an identity if R is not a constant.

XEBE T > 0 MZEAFHE) FLRW 28, SRR e 75 A2 R X TIGEIEE H = d/a
RI—Bi 7588 GO TR A AR REZR AL, RERF a () AFTHENTT
1) ZMNALE R () IFRIER, & R AREE, RREA A ESFR,

Note first that one such solution is R = 0, and then no conditions on A, B and r; arise.
HEEE, R= 02— DIZFERIE, IR A, B n A EMLH,
Let us assume further that R is not identically equal to 0. Let B # 0. Then

THEHEMEE R NMEFET 0, £B#0, NE

R=-— R(%—2HR> (33)

where we take the minus sign for R corresponding to decrease of R with time for definiteness. If r; # 0
and R # 0,R # 0 too. By differentiating Eq. (31) with respect to time and dividing both its sides by R , one
gets:
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NRAREE L, FAT I R BUGLS, KR R BEREIEVDN, 415 # 0 H R # 0,R # 0 thili @151, #F
JifE (3D NIRRT, R TEMGFENEREAR, A1

A .. .

From Egs. (33) and (34), the expression for H (¢t) follows:

77 (33) A1 (34), WI1] H (1) FRIEZN:

1 A
H=8\V 38R~
Differentiating Eq. (35) and using Eq. (33) once more, we arrive to

2n. (35)

X7 (35) REFHERFMTTRE (33), HAUFH

. A
= 15x =
From this the expression
) RIEE =3 nyaN
. 5A 2r
= 220 21
R=6H+12H = 25— 5 (37)

follows that cannot be satisfied for R # 0 . Thus, the only remaining possibility is B = 0 and then A = 0
ifR#0.

RIIZIX R # 0 TTIEKAL, Bk, (ORI THIRIRER B =0, HRFE R # 0 KZMAG A =0,

So, all solutions of Eq. (31) under the condition (32) are given either by R = 0 orby A = B = 0. However,
since R = 0 is a particular solution of Eq. (32) (or (28)), too, we notice that this case having zero measure in

the space of initial conditions for Eq. (27) does not require special consideration further.

Rk, 2% (32) TR G NATEMAERTIAR=0HA=B=0, HHT R =0 AGHHEFZ
(32)(HNTT#E (28)) HI— i, BANERZ], ZBOUETTRE 27) WIRFAZRPNERNE, 55
TomE BT,

We finally note that one can extend the above proof to any metric which is space-homogeneous in the

synchronous frame.
BIEBAHEH, ERUERR] DA £ R AR R R 2 H Y S AL,

Thus, if an ansatz (28) is imposed, then we are forced to use conditions (30) but what if we go beyond an

ansatz?

Kitt, HBRITRAMRIKZ (28), HEHZEM (30), BEUMRENFERTZRIZIE?
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Proof That (28) Is a General Solution to (27)

UEBH (28) 72 (27) Wi

Now we formulate the main claim of this section and in fact a very important statement for the develop-

ment of AID quadratic gravity theories in general.

BEBATEIB AT RO, SLPR EX R AR AID — 05 B e = IR EER — 1
i,

Proposition. Equation (28) in combination with conditions (30) provides the most general solution to the
trace equation (27) if:

el e DU RS, 7778 (28) S5 & 4+ (30) RN 7512 (27) A B IdfE

(i) the metric is of a spatially flat FLRW type and
(i) FERA =S [AFH FLRW &Y B

(ii) the Fourier harmonics form a basis on the domain of functions of interest on the space-time manifold.
(i) 2 B S T A AN 23 T b B PR PR U — 2 2

Let us start with noting that having a physical attitude to the problem, we formulate here sufficient and

not obligatory necessary conditions.
BB, MBS AR A, BTSSR 5800 SR AR AR 2 2 A

The first condition (i) just serves for the setting of the present paper to discuss a space-homogeneous in-
flationary space-time and is simple to account. Technically during the proof, the only property to be exploited
will be the space homogeneity of the metric in the synchronous frame. As such the proof itself can be applied
to more general space-homogeneous metrics, for example, to anisotropic backgrounds like Bianchi I or other.
However, we need the metric to be conformally flat to eliminate the Weyl tensor-squared terms in the trace
equation (27). This would allow us to claim that the restrictions imposed by this proposition on the space
of solutions apply to the full trace equation. Only for this purpose we stick to spatially flat FLRW metrics
only. This implies that given the Weyl tensor-dependent term is not included in the action (25), one can relax

condition (i) to: (i) the metric is space-homogeneous in the synchronous frame.

B () RRERA SR 2 S S KIN EIRE, RESHE. MWIREEE, IERY
R TR 2 [RIP AR bR 2R R ML 22 [R5 S PRI — PR, TR TR R AR By th AT 28 5 — A =2
RIS ML, BN b2 dk TARNXCR S AR T . (HRMNTERMEGI RN, DUERLT#
(27) FRISMRIKR P77 I, XA RECRUEA an UM iR 22 AT AN Y2 HOE ) T 72 BRI 75 . FRATMX
KM ZA3AFH FLRW RS 22 TR —HE, XEWE, WRIEMAE (25) A5 EERBSMR
SKEAITE, A2 () T RAURGEN (1) FERAE R 2P AR bR AR FR iR 23 RIS ST,
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The second condition (ii) needs more explanations though. We name Fourier harmonics the eigenfunc-

tions of the d’Alembertian operator such that

AL AR (i) TFHEE LR, BATTPRORI DURERF B A o6 2000 (8 BT, T

Lo = wie;, (38)

where w; are constants. Generically we expect the spectrum of the d’ Alembertian is continuous even
though this is not crucial. We name ¢; the Fourier harmonics in analogy with the flat space-time where
they reduce to the plane waves which in turn are used to define the Fourier transform. A crucial property of
the Fourier transform in the flat space-time is that the corresponding harmonics form a basis in the domain
of square-integrable functions L, . Or in other words, any square-integrable function can be presented as a
linear superposition of plane waves. In our model the situation seems to be more involved as a priori these

nice properties of the Fourier transform in the flat space-time cannot be elevated to a curved background.

Hebw; WEBC —BamE, BATIVIABVURBT RIS RESH, RERX—rUFERE, TR
o; A NI RERIE AL, IXRR T BN SR — AN SR RO R, -
RIETE PSR SO AR, ~F- BN 20 (4 B 2R ) — N SR BE TR, 0 I A 8 A0 R R 1 75 FT
RREUE L, PR —H B, HAiEsd, (BT 77 AR REOER v] AR O I IR AR B, £
MR, B BEONE Z, RO BN 2 B AR B I A R e R Tk B 32
NS B

It is known from the spectral analysis of the Beltrami-Laplace (BI) operator on Riemannian manifolds
that indeed the eigenmodes of the BI operator form a basis in L, as long as the manifold is compact or has a
boundary [49]. In most cosmological applications, the space-time manifold is however pseudo-Riemannian
(i.e., the metric is not positively defined and d’Alembertian operator replaces the BI operator), non-compact,
and without a boundary. In this situation general theorems do not help and presently one has to consider
systems case-by-case. Paper [50] provides an explicit proof that in two notable cases of dS and (A)dS space-
times, indeed the eigenmodes of the d’Alembertian operator form a basis for square-integrable functions. This
remains valid in a special situation when there is no spatial dependence present. It is an important situation
though since in the vast majority cosmologically viable backgrounds are space-homogeneous. Naturally, it is
the case for the present paper as well. Technically, this implies that the d’Alembertian operator lacks of spatial

derivatives and eigenmodes ¢; depend on time only.

MEREFE_E UURKHHOK-RE AT (BI) BAFRYIE oA Al k0, HEREERBWsii G5, BI A
FHHUAMEAE IS RETE L, AR —2H 2, [49], HRZECTFHFAMAH, NP2 IR S8 (M
ASRIEER), BERAAEADUR B BIRAT), JEREE OIS, IXAMEI Nl e B IS,
HATHBEZR B M, SCHR [50] 45t 1 BAWIERA: EFEPERFa3 R (dS) AT (f) TEPYRF=E1R] ((A)dS) IXH
PNEZIEIEH, B UUREAT R AL REN - 75 r] B Bl — 21, ZESCE AR AR
FHIRIRIE I MIARGL, XMIGIE 0 EE, FNRRSHTFHFA T E RER T HISIR), &
XHEFFEE E AR TRMIEE. MIREEE, RERERHIURBAF A2 H S8, ARMEE ¢, X
AR T I R

Coming to physical grounds, we stress that the regime of the space-time evolution of interest in the

present paper is the nearly dS expansion. This in combination with the results in [50] provides some hint
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that our condition (ii) in the proposition above is sensible. However, there is one more physically impor-
tant argument why a physically viable space-time must have such a structure that the d’Alembertian operator
eigenmodes form a basis. Namely, we expect that our model can be quantized. To have this happen, we
have to have a vacuum and creation and annihilation operators which in the canonical quantization scheme
appear as operator coefficient in front of Fourier modes in which a given classical solution is decomposed.
Given a situation that Fourier modes do not form a basis (i.e., the set of modes is not enough to represent any
function), we will hit a problem that certain classical configurations cannot be quantized in a canonical way.
This simple consideration shows that the fact that eigenmodes of the d’Alembertian operator form a basis is
necessary to implement the canonical quantization scheme. This gives us even a stronger hint that we indeed

want the condition (ii) in the proposition to be satisfied.

MPTBRA E A, BATT9m I A SR 5 BN 23 T AL X SO I AP PR RFIZ AR . 455 SR [50] RUZE2R, iX
R _ Bk anE AR A (i) B S ERY, A, IF 55— E R R EICE N, B AT TR 22
IEA IR DUREAFAMERRA B —H B A 454 BN IZR R R rT B R, ESLHE T, K
MW EFERD AR, EENRTTTRT, XN I R SRS R
BRI, (R E RO B — 22 (AR R SN e DFORERE R ED, FT B2
Y RRTETRIZIE N 7T B TR, X — ) B SR, AR DURBATRIA A i —2H
B SEPIEN B LT BRI, X3, BAIRSEHRZ e anl@l -P R4 (D)o

Finally, we do not specify explicitly the domain of functions on which the completeness of the Fourier
decomposition is true. We presume that in most cases, we need to have it either for functions from L, or
functions with a compact support which is a more plausible case as long as time evolution of a classical system
is considered. This will be noted just below as well.

wJa, BA AT RN Rse SRRV R BT X, BAHEN, RZHEIE, <tk
BOXRA L, FIEEURAZ, B2 BAESRNREBURL; EMREMARSGN FEAN, R5525%
AIELE S, X — KRBT RTE TS,

Therefore, in proving the proposition, we assume that the scalar curvature R as any function can be

represented as

R, Uz, FAMRBARE R R FEEEBE R RN

R=Y o, Opi = wie; (39)
i

and w; are constants. Possible constants in front of ¢; in the decomposition of R are absorbed inside of
@; for simplicity. Few comments are in order here. First, one should not be confused with the fact that R
itself depends on the metric as for the time being it is just some function of time. Second, one should not
worry about possible nontrivial asymptotics of R in past or future infinities (which may render it non-square
integrable) and consider only a given time interval during which our model describes the evolution of the
Universe. This will waive doubts of the square integrability since the function gains the compact support by
construction. In other words it is equivalent to saying that we work in a given coordinate patch. Also, here we
explicitly come to the special situation mentioned above that all functions depend on time only since a space-
homogeneous background is considered. The corresponding simplification will become crucial to fulfill the

proof.
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H w; NHEE NEAER, RIIET ¢; ATATREFERFRCRKIBGE ¢; o HAMBULATN: Bk, &
LRIE R A ST EIX — =, FOVHATERZ DR TR AR, Kk, T ELRELE
BARRTCF 1AL FTREAFAE AT NLENE (XA RESEENZ 75 AIRRY), BAIATRZE 5 EE R T
HEACHIZEE I R DX TR RTAT, SXREREIHER 1175 Al AERRER], ROMARIEMDIE, MREE SRS R
%o BANEH, XENTRMES TSR RNIE, A, BTRMOMRIZZRSSER,
BB I _ESCER B BRFIR TG OL: T BRI TR), %R SE O R B

Using (39) one readily computes:

A (39) ATBAMRA HH H:

R = Z wiei, Fr(OR = ZfR (wy) @; (40)

and further

M1

Fr W) — Fr(w;)
wl-—wj ’

Ly = Zwijayqoiay(/’j’ L= Zwijquoi(/’j: wjj =
ij i,j
(41)
Notice that fori = j, we have to use the Taylor series expansion to obtain w;; = 7, 1(31) (w;) where the super-
script ) denotes the derivative with respect to an argument. Substituting all of that into (27) and accounting

that the Weyl tensor vanishes, one yields:

HE, MFi=j, BOFREEHRDBIRIIEE 0y = 73 W), HP RO ZRRER S,
RATEEERIA (27), HHEEIVRKENE, K1F2:

M3 o — 61 wiF g (W) i — 4 Y @i (349,005 + (w; + w;) @i9;) = 0.
k k i,j

(42)

To prove the proposition, we have to show that no (nontrivial) solutions to (42) exist as long as R is a

superposition of more than a single Fourier eigenmode.
UERZ R, BAIFREB: HE R 22 MEEM AR EN, (42) SEAFE CEFL) #.

First we note that the technique of equating coefficient to zero does not work in this general case. Indeed,
the quadratic in ¢; term in (42) can be eliminated by requiring F (w;) = Fgr (w j) and 3—"1(21) (w;) = 0 for any

i, j . This being substituted into the terms linear in ¢; yields:

HaARIEE, 2RECHENHIEEIN RGN FAEH, F kb, WMEELj, FATRAE
ZR Fr(wy) = Fr(w;) M FE (wy) = 01425 (42) o IR, KX ADNZERARN @; I—IRITG
CIFES
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M3 o — 6AF g (1) Y wipy = 0.
3 3

Since however different ¢, are eigenfunctions of d’ Alembertian with different eigenvalues, they are lin-
early independent. This means that in order to satisfy the latter equation, we must require Mp—61F  (w;) wy =
0 for each k and as such, all wy, are equal. We thus effectively come back to the situation R = ¢, like it is served
by (28).

HETAFER @) BIEAUUREFI N AR AMEERAERE, EMNStiik. XEREN Tl
FIRFHR, BAIBANEN k BR M — 64F g (w))wy, = 0, FIFTH wy #HEE, XFEERIISER
EEET (28) X MEIIEIL R = 5 o

Thus, we must keep the quadratic terms in (42) and solve it as a differential equation on ¢; . Satisfying
(42) will necessarily produce stringent constraints since the resulting solution for R must be identical to the
Ricci scalar constructed from the metric. Note that in the beginning of the proof, we have mentioned that R
is just some function of time. Here we explicitly make reference to its relation to the metric. This, however,

in no way complicates the use of desired spectral properties of the d’Alembertian.

Klt, FRATBIRE (42) FPEY—IRIA, EHIEN o BRI TR, T2 (42) BRARSHRHE
LR, FINSEIN R s 5 i BAER EairE e 8. HER, EIETRRMNESRED,
R A BN RIEAN R, AR HE SRR, XN EIMAN VURERF Y]
MBI

Going further one can pass to modified quantities ¢; = ¢; + ¢; where we have done shifts by constants
defined as

B, BATATVRHONBIER ¢, = ¢; +¢;, TACEWIINTE XA HEGER T

21)" wij (wi + w;) ¢j + M3 — 64wy F g (wy) = 0 for each k. (43)
j

Hence we rewrite (42) as

REFRA TR (42) EE:
D, @iii8; = Y wij (Wi +w) FiF; = ¢ = = Y @y (w; + wy) eiej, (44)
0 0y i)

where we have used the fact that all ¢; are space-homogeneous and depend only on time. The sign change

2
in front of ~ @, is due to the signature of the metric, and also we assume that goo = —1 . Also a common
factor 4 has been cancelled. Interestingly, we recognize in the latter formula the conserved integral of energy

originating from a sigma-model-type dynamical system.

HAPBAMAA T o BRZRTHR, UREIN X —M 5, ~ cp’f RIS E BRI S 2%
S, WAL go0 = -1, FHHEXHETART 1, ARENE, HNAIMERERX DA
HiAtH, BIERT sigma BRAZ ) RGP IEHRER 7
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To make the succeeding analysis more transparent, we rewrite the last formula using matrix notations

as follows:

N T IEESAT R, BAIERERHC SR EXEST:

R'wR - R" (ww + ow)R =c, (45)

where R is a vector made of @; and w = diag (w;, w,, ...) and w is a matrix formed by w; j - We use
a simple transposition as all quantities are real and matrices are symmetric from the physical origin of the
problem. We diagonalize matrix w by choosing an appropriate matrix D . We can always do this because if
w cannot be diagonalized, then some values w; are identical and we must just drop equivalent terms from
decomposition (39). Denoting d*> = D"wD and using further redefined functions Q = dD"R , we get a

canonically normalized diagonal term with derivatives. The whole expression transforms as

Her R Z2H ¢, il w = diag (wy, w,, ...) WEIIIAR, o 2 o; WRERER. HBTHTEREZLR,
HAZ PR EETROGE T REME R R FRAT, BRI BAT R TR0 f AL E . B a1l & IE rRE R
D FHERE o Xt A, BATEREMENZ — K 55 o TR ML, WIEES THER w; E, EMAR
MR (39) HIMEEMTETAT, id d2 = DTwD it —& EHTE LK% Q = dDR 5, FAI5Z]
TSRS~ AT, BADRIEZHON:

Q'Q-Q'vQ=c (46)
where v = d~!DTwDd +dD"wDd~! . We can simplify the things even more by diagonalizing the matrix

v choosing an appropriate matrix M . Denoting m?> = MTvM and redefining P = M'Q , we get:

Hrfv=a"'D"wbDd + dD"wDd ™" , FfTA] DB IEISIERIRERE MORAERE v X ffl, 2
L, 2 m? = MTVM HEFEX P=M"Q 5, HMNEH:

PP — PTm?P =c. (47)
Here the most crucial achievement that matrix m is diagonal.

1At o S SRR 25 SROB FEFE m DX A AR

Differentiating the latter equation with respect to the time ¢, one gets:

Xt ERTTREE TN ¢ 3R, A1

PT (P —m?P) = 0. (48)

As noticed above, all ¢; are linearly independent and the same are P; . Indeed, since the matrices which
define the quadratic form are nondegenerate, this guarantees that P; are linearly independent. We thus can
consider only the second-order linear equations in the latter expression as all of them must be satisfied inde-
pendently. Since moreover matrix m is diagonal, we readily find each P; as
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ERNIR, FTH @ &tETER, P MRARESIETCR, FEk, WE X OBR R IRIR LR, X
SUARIE T P &METER, RIS B EIRRIEAPR AT, ROARTH RS HUHR
NLPRAZLe BEANRTRERE m 22X ARERE, BT AERGEIEA P BRI

Pi = PH_emit + Pi_e_mit, (49)

where we have assumed m = diag (m, m,, ...) .
HPBAURIZ T m = diag (my, m,, ...) o
Returning to (39) we can rewrite the corresponding expression in matrix notations as well. That is,

2] (39), BATHATDAURHAERIC S EE XM AZRIAN, A

R+ 3HR + wR = 0. (50)

Note that the latter equation is valid for any space-homogeneous metric as long as g, = —1 and as such

H is the Hubble function only in the case of a spatially flat FLRW metric. Passing to variables P; , we get:

EER, E— TR RFTRE RSN, HEHE goo = —1, B ZSAF-H FLRW
JEER, H AR, B Ea P E, HEE:

P+ 3HP + uP = yc, (51)

where u = MTdD"wDd~'M, y = MTdD"w and ¢ = diag(c;,c5, ...) .
Het gy = MTdD"™WDd'M, y = MTdD"w #ll ¢ = diag(cy,¢5,...) o

To prove the proposition, we must show that solutions (49) are incompatible with (51) for more than one
component vector P . Being lucky that we could construct solutions for P; explicitly, we just substitute them

into (51). The resulting expression is

MIERZaE, BAVLIUER: ¥ T2 TP oRAR P, i#(49) 5 (51) MIR. FBrZ28ATA]
PUEFAIE P BIR, HFRHRA (51), BEIRRIEY

m?P + 3Hm (P, — P_) + uP = yc, (52)

where P, = diag (Piieimit ). Each component P; is a different exponent, and in order to satisfy the latter
equation, we must put to zero coefficients in front of each of them. Moreover, we must have the constant
term on the right-hand side vanish. If H # 0 we essentially must require the matrix m to be zero, and this is
equivalent to having all w; = 0 and as such we come back to the situation [ JR = 0 which is just a sub-case of

(28) and in no way requires any more general form of R than a single Fourier mode.
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Hrb P, = diag(Pipe™™") . B0 & P X NARTEE, ZWeE— 1M1, BMSs MR
REONE, HINEBMLEMBIERIUNE, 5 H # 0, AR EZREE m AF, XEH
TRH w;, =0 A%, TEBRMEZIEROR =0, MXEEZ@8)KN—NFEN, AR EKRA
A b B B A — R 3

This completes the proof of the proposition during which we actually have never used that the metric

must be exactly of a spatially flat FLRW type.
FE I ARUERATERR, TEUERIE R ERAT TSR b MR ZE SR B b 25 A% 23 [A]F-2H FLRW 2,

In a slightly exotic situation such that there is a space-homogeneous metric which generates vanishing
factor H in (50) in a combination with a nonconstant R , one needs to have a separate consideration regarding

the space of solutions to EOM.

FEMDBRIRIROL S, B EZEFFRER, f#15 (50) PRKET H 5 FEE RESHEFTE, N
FREPMIICIBEN T R,

Discussion on Classical Dynamics

2z 1%t ie

We just have proven a very important fact related to theories of type (25): all space-homogeneous con-

formally flat background solutions are subject to Eq. (28) in combination with conditions (30).

BATNINGERA T — D5 (25) ZEBCH R AV E EHL: frf 22 5T OGS UE-FHE SR 2 7772 (28)
5% 30) KIEHELAR,

To understand what happens, we must examine conditions (30) which tell that a nontrivial solution
(i.e., a solution more involved than a constant R ) exists only if there is a point r; such that function F ()
being considered as a function of r; as its parameter obeys two independent algebraic conditions. Moreover,
a would-be solution must obey an equation which can be derived from a local R? gravity. It was elaborated in
[41] what a Lagrangian for a local model must be written such that its equation of motion yields []JR = R .

So essentially we should worry whether function F (r;) provides a chance to have at least some solution.

LR RREN, BAVBIEREMT (30), ZARIFRI: A7 MR (BIELH £ R R A0 fA1ER)
AR ER n, (R F g (n) MNP ASEEIRREON, R MESZR ISR R, b, &
IEARE AT e — DRI EI R? 5IHESISHRIT -, Xk [41] R ERB, R EhS R H
B R Hzsh 7524 H OR = nR o BEIAAR B, BNTEXRTRIZEE Fg (n) BEHED
RESC VAR 7 AES

The other point of view is to consider the presence of a solution as a criterion for function # i (r;) such that
it provides a choice of points r; at which conditions (30) are true. Since functions F x ([]) are not constrained
so far apart from being analytic at the origin, one may wonder about the space of solutions. Indeed, it is

possible that a generic function ¥ (r;) has many or may be even infinitely many points in which r,#; is the
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same value and plus to this ?1(21) (r1) = 0 at these points. This is some sense would mean that our model

include multiple copies of local R? gravity.

T —MILRUR, RRAEEME NI F g () R SRR BIFE—H R, (RS (30) EX
ERBOL, BT TR RRITON, B8 T x (O) HRTASZHAMLTR, ATE AR & i R
Ulo B, —MHIRE F R () RATREFETFZ D, RS 2R, ERER L s BIEH
F, BRNHE L (1) =0, EEMEY EXERERMNBAE ST RER? 5110260

Even though mathematically possible, we are going to remind that the operator functions ¥ x ([]) get
severely constrained by demand that no new excitations must appear in the spectrum. Indeed, as it was
derived in all the details in [21], the quadratic Lagrangian (23) for the spin-0 mode of the metric around the

Minkowski space-time (where we must fix the operator functions) is

REBAEH RO, BAWIFEH: BATRE 7 x (O) S22 AR IR SR —ZDRA™ 4%
BRI, SChr b, IEANSCRR [21] P ESERMETEE], ESER A REEN 2 (AR EAE M EE A
B0 KO 8 B BE 0 O A —IRAAS R H & (23) N

1 - — A= =
So =3 f d4x\/—g¢|:|{l - zﬁsms—"(m)}qs. (53)
b2
In order to contain the spectrum of excitations and to have inflation, we must require that the expression

in curly brackets has exactly one zero which would correspond to the scalaron. This can be achieved by

demanding:

H T BRI, BRI S NIFOARIBATE — DB, AR T XA Dl
1 DA RSB

1- 2]\%359—" (O) =00 (O-M?) (@) (54)
P

Here o ((J) must be an entire function. For the definiteness we assume that o (0) = 0 and in order not to
lose generality we introduce g, . Recall that F (0) = f, and evaluating left and right sides of (54) at O=o,

we get:

AL o (O) AU FEE L, APAFEN, BRI o0) =0, HARE KM, FMI5IA 0p0 [
B (0) = fo, A3 (54) AEGMIGTE O = 0 ZOKRME, nI15:

1= _UoMz

yielding o, = —1/M? . Next, evaluating (54) at [] = r, and accounting (30) we get

380, = —1/M?, BEREK, KR G ED=n LKME, HEEGRK (G0), BRI

1
M2
This implies that , = M? . Differentiating (54) with respect to the d’ Alembertian, evaluating the result

0= ("1 _ MZ) e20(r).

at[] = r, , and accounting (30), one gets:
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XU = M2 o WIBHIIURBEAFRGR (54), KRSLRE D = KM, F856K G0), Al15:

A 1
—2—23?1 = _WeZO'(rl)‘
P
This implies o (r;) = 0.

Biﬁﬁﬂ U(rl) =0 o

The above results confirm the derivation done in [41]. However, the more important observation is that
the condition r; = M? together with the demand that only one excitation can exist guarantees that from the

point of view of the physics of our model, only a single unique point r; is allowed.

EIREEFRUESE TSR [41) RIS N EERERRRE, &MFn = M2 858 IR E— DT
AVERORIE 7 MBATTERI B ARG, PO R EME— i o

This is a very powerful statement because it implies that as long as space-homogeneous and conformally
flat metrics are considered, our quadratic AID gravity has exactly the same space of solutions as a local R?
gravity. In particular this means that the inflationary background will remain an attractor behavior as it was

found originally for the local R? model in [48].

XE-MEEA NG, FOVERRA: RS R FHR BT FEA R, A1 =X AID 5]
JAIRER R? 51O A E e HFE RS, XAHERE, BIKERISARERS T8, 1B
SAITESCHR [48] BIJRIHR R? BRAL ARG 2 HIZE R,

To conclude this section, we notice that there are already mentioned limitations of our analysis: we are
talking about space-homogeneous and conformally flat solutions (while allowing anisotropic metrics like of
the Bianchi I types in the absence of the Weyl tensor term from the very beginning), we do not have matter

sources apart from perhaps radiation. Also, we do not have the cosmological term in the action.

FEARTIHIRIE, BTG HIATH A EE4R MR IR BTS2 22 5T R BT -FHEEME (A
—IFHARL A AERR/R 9K B ITAY Bianchi I FUA a1 SR ML),  BREGSSIMRATIAR & HABY) PR,
HEATHIE A E A A S T8 0,

Models with Nonzero Cosmological Term
HAEF P A

In this section we extend the previous achievement to the case of a nonzero cosmological constant, the

part which has never been done before.

AT RN Z AT R BT TR ZEROEY, X NERTMARE A0,
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EOM with A and Solution Construction

= A WBE RS

The presence of a cosmological term A in the model leads to several modifications of the corresponding
equations. As a general point, presence of A in action (19) makes the Minkowski background impossible. The
most easy way to see this is to write down equations of motion and check out that Minkowski background is

incompatible. Namely, equation of motion now reads (see [45]):

RERIFR AR T I A X R R ZAMEIE, — Bk, (ERIE (19) FFEE A KERHIK
HRABOL, REENRIETIERS Mz, MARNRERSZ MR, BRms, sy
REILED (2 ISR [45]):

= _ (M2 +217 (CO)R)GY — %/15513? (DR +24(V#3, - 8u0) F (CD R
+ALE — %55 (Lg + Z) +24 (Rocﬁ + 2vavﬁ’)‘TW @ anﬁﬂ +0 (WZ)

= 8HA (55)

differing only by a nonzero constant contribution in the right-hand side. All notations are as in (26)

Evidently, Minkowski background which has R, = 0 may not be a solution here as longas A # 0.

HAEAMHEZ - MEZHEEI, FAIES5K(26) —8. BR, REA#0, & Ry =0MIK
PR S AT RER AL AR

The trace equation reads:

SUYAY Sk

E= (M} - 6A0F g ((D)R—A(Lh +2£) + O(W?) = 4A. (56)

One can solve the above equation by modifying ansatz (28) as follows:

AT POER I T 77 B R (28), DAKRAE BRI

DR = VlR + }’2. (57)

and also by adjusting conditions (30) to be

FHHR A 2511 (30) A%

M2
FO (@) =0, :—2 F-fo)= -1 i’ + 31,41 A = —r,M3 (58)
1

Indeed, Eq. (56) upon substituting (57) simplifies to
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R (57) RN (56) J&, HSERMLRA

E =A;R - 2FW (1) (2rR* + 8,RO*R) + A, = 4A, (59)

where

&

A =Mi-1 (43’(1) (r)r, — 2:—? (F1—fo) + 63"11”1) and

A, = —/1:—2 (zfﬂ) )y — 2:—2 (Fy — fo) + 6f1r1>.
1 1

One can readily do some algebra to see our modified conditions work making A; = 0and A, = 4A..

TR R AE R BB RUG IR AL, 15 A = o Hiliig A, =4A,

Absence of Nontrivial Solutions to (56) Without Imposing (58)

A~ imposing 5fF (58) I 75 #E (56) SATEARF ML

The first question is to try again solving the latter equation as an equation without imposing conditions
on A, and A, . To simplify the things, let us shift R by a constant, so far without any connection to any ansatz.

We thus introduce:

BN AER: BATAEXT Ay F A, FENSEAE, EFr=ARRE— . AREHE, B R
FRE—INEE, HATZX— PS5 EARIATE . BRI

R=R+F
Note that if 7 = r,/r; , then we transform (57) to the form (28) as it was without a cosmological term.

Substituting R = R — 7 into (59) gives:

ERE, &7 =n/n, BATLUE (57) N (28), IXFNEE FHAETIER —%, ¥ R=R-7
R (59) A]15:

E=AR—AF— 25D (ry) (2r1 R-7)"+ aJia#R’) + A, = 4A. (60)

Here we see that we can choose 7 to eliminate all constant terms reducing the problem to the one dis-
cussed in section "Propagator”. To be precise we get an equation:

R AT O, BRAITR] DOZHL 7 M EPTE HEOH, KRELAMN “Eir" — P INerRE, ik
WA 252
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—Ay7 =20 2F D () PP + A, = 4A (61)

One can solve for 7, shift R correspondingly, and rest with an equation:

BATATCARE 7, XRFAS R, BRAASE|T5E:

E = (A, +4anFO (1) R = 15D () (2rR* + 3,R¥R) = 0. (62)
which is essentially equation (29) with a new coefficient in front of linear in function term.

ZITREA LR TR (29), (XIEREH—RIAATZ T — DHRE.

Reiterating section "Propagator” this means as such that there are no nontrivial solutions as long as one
tries to solve the trace equation by imposing an ansatz but not imposing conditions (58). Nontrivial means

R = 0 which in terms of R means R = const.

B “fE T — e NERA S A BRI, (BRI (58), AT
qZFL%o jEI'ZFLﬁfF*ElR=O, NEZ?URE’JEER:%%?&O

Proof That Again No Solution Beyond Ansatz Are Possible

HHRIEIIA AR 40 e il B i

The second question is whether solutions beyond ansatz are possible. We again substitute R = R — 7 but

now into (56). This 7 is not connected to the one used before. Then one yields:

AU B AR LA, BATHRKE R = R— F AN, HIZRZERAK (56), ALK
FEZEIERITER, HItAE:

E = (M} — 60007 g () R — M3F — A (L +2£) + O (W?2) = 4A. (63)

where explicitly

Hrp A% H

© ol .~ (nele Dz R 0 (n-1)
Ly =D fo D, 0M(R=7) "9,(R-7) Z Z(R—) (R-7)
n=1 1=0 n=1 1=0
One can introduce:

BATTATLAG A

n-1 n-1

Eg = i f Z a#R(l)a Rn—1- 1) L Z fn Z ROR(n-D
n=1 1

=0 1=0
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and since 7 is a constant, then £5 = £ . It is however may not be the case however for £ as there are

terms with [ = 0. One can transform:

BT FRER, T = o o (BT L RO, BATETES [ = 0 B, Bl DARREE

i
[e) n—1
Z=3 > ®-)"®-1)""
n=1 1=0
[e%) n—1 (¢S] n—1
=3 AN ®=-AVROD = 3 £ 3T RORD — F(F (@) - fy) R
n=1 1=0 n=1 =0

=L-FF @D~ fo)R

Now we can rewrite the trace equation as

BUERATT AT AR T RS

E = (M}~ F(F ()~ fo) — 64005 & (D)) R = M3F - A(Zfi + 2L ) + 0 (W?) = 4A.

(64)

Choosing 7 = —4A/M 2 we eliminate the constant term. And this is indeed not the #used for the previous

question.
W F = —4A/Mp , BATER T HED, XA R Z /iR 7.
Equation to be analyzed is

Rt N

E= (M,%+ :7[;(?(l:l)—fo)—GADfR(D))E—A(Eﬁ+ZL:) =0
P

Here we repeat the initial steps of the previous proof without A . First we assume:

HACTRATE F M ETEAT RS A PRSP ER, EeBA1RIZ:

R=Y#

where as before [J¢p; = w;¢; are Fourier harmonics. Using this one readily computes:

HpMZ/i—r, O = w¢; RN, Hita] DEZIHRGE]:

R = Zwlﬂi’ Fr(R= ZfR(wi)CDi

and further
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(66)



FrWw;) — Fg(w))
wi—wJ' ’

Lﬂ - Zwl]a gola,u@]! £ Zwl]quolgo_]’ wl]
i,j

(67)
Notice that for i = j, we have to use the Taylor series expansion to obtain w;; = 559) (w;) where the
superscript () denotes the derivative with respect to an argument. Substituting all of that into (65), one yields:

HENT =), BRNFEFARYRITEGE o, = 7Y W), HEF RO HRYEEERS, ¥
FTREERARAI (65), Al

4A\
MY o + v @0 = fo)ei - 61w F g (i) g — A
k P k

L,j

where the second term is new compared to the previous proof.

Horp S5 — IR A B AT IE BT HE A ,

First we note that the technique of equating coefficient to zero does not work in this general case. Indeed,
the quadratic in ¢; term in (68) can be eliminated by requiring F (w;) = Fgr ( ) and Fp % (w;) = 0 for any
i, j . This being substituted into the terms linear in ¢; yields:

BATESefeh, LREOVZHNTEERXI D KRB T AEL, FLE, 3K (68) H ¢ B —RITATE
SR 4, j B3R F g (wy) = F g (w;) A 75 () = 0 KM E. KERN o, l—RIUE A5

4N
M3 or + Ve (F (@1) = fo) Pk — 6AF g (W1) D, Wiy = 0.
k P k

Since however different ¢y, are eigenfunctions of d’ Alembertian with different eigenvalues they are lin-
early independent. This means that in order to satisfy the latter equation, we must require MI%+ (F (wy) — fo)—
6AF g (wy) wy = 0 for each k, and as such all wy, are equal. We thus effectively come back to the situation

R = ¢ like it is served by (57).

(BT RRI ) SEIKB TR AR R AME I AME RS, BT, XERE G
—AITEE, BRGNS k BR M3 + 22 (F (@1) — fo) = 6AF g (w) wi = 0, HIHFTH wy #5HH
% Tl 19ERR LKE R T R (57) FIA I R = o, 151,

Thus, we must keep the quadratic terms in (68) and solve it as a differential equation on ¢; . Satisfying
(68) will necessarily produce stringent constraints since the resulting solution for R must be identical to the
Ricci scalar constructed from the metric. Note that in the beginning of the proof, we have mentioned that R
is just some function of time. Here we explicitly make reference to its relation to the metric. This, however,

in no way complicates the use of desired spectral properties of the d’Alembertian.
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I, BATBIRE (68) HHIZIRIA, FEREHEAENKT o; FIT TR MR, 2 (68) B
REMTHRELIR, KOS EI R RS ISR IE I L F bR i se 2 — B ERBRNTEIEIF L
FARE], R RN AAEA R, IS H T ERERRE, (X — R B2
B DUR S U M B B

Going further one can pass to modified quantities ¢; = ¢; + ¢; where we have done shifts by constants
defined as

W—KE, BATAILASIABIER &; = ¢; +¢;, XEBIERHBIRA LW 77 E X HEECFEE

|

4N
22 ) wyj (Wi + w;y) ¢j + M3 + el (F (wi) — fo) — 6Aw F g (wy) = 0 for each k.
7 P

(69)
In fact after this point modulo obviously new expressions for c; the proof stays identical to the previous

one.
Khr b, FEZIE, BRT o REMBIRAGHRERSS, IEHERS HiiEe—K

This means that we have shown that even in the case of a cosmological constant quadratic in curvature,
infinite derivative gravity has the same space of solution as a pure local quadratic gravity. However, several
conditions apply: it is only proven so far for conformally flat backgrounds and without any dynamical matter
on the right-hand side.

XEWERMNCEUEN, RN T &S ih R R WA TR GG 1, B A th 5 4l R
ZIRGIN =B PEZECEE LD REISA: BETCOERZgneEH THBFEE R, BH5EG
MATEAESN 122

We keep a generalization of our analysis to other solutions, such that non-conformally flat backgrounds
for instance, as well as other directions of an investigation regarding non-local equations in gravity models

for future projects.

BA TR AT ZH MR (BIANETE T R), DA IR R0 B SR H A 575
A, BRFARRIHE SERk,

Conclusions and Outlook

g5y

We see that higher and infinite derivative theories open a lot of perspectives but in turn also pose a lot of
challenges. One of the greatest controversies is that they obviously can improve renormalizability but generate
problems of unitarity. However, gravity seems to absolutely require exactly an infinite number of derivatives.

Actually here, by unitarity, one may expect that the matter sector will be non-local as well. It is not however
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apparent how to treat new degrees of freedom or how to get rid of them altogether. Even if one can make their

classical behavior bounded, it is not clear how to show this on a generic background.

BATRIUEE, & SIERSFBEICTRE TIEZOIRRTR, FREHR 7B 20k HosRr4
WZ—1ET, XEMICERRT ASGEFTERYE, HR5IRAEMRE, A5 P4 ZR 1G4
FHETIRZ S Khnk, SIALMEmE, AT AR SR th 22 AR Rk, (5 H Aim A
AR S AT AL BT B H R, SRR AR 230X 48 B R, RIVEEERATTA] DALERT B S AT
5, MRS = MEX —45iE,

Pure mathematically such models demand a construction of a Fourier transform on generic manifolds-
a problem which seems to be an enormous unexplored subject. At least we want to find an answer to the
following question: what are the criteria on a manifold when a Fourier transform exists and generates a
complete set of basis functions? Answering this question may help understand a space of solutions of higher

derivative gravity theories.

Gl R b, XEBERIERTE — MR _EAIE R — X — A H A2 — BB ARIR
RIURK, EDPATZIRE AN RARES: L B A7 20 H A4 il —H e s Ak bR 2
i R HHE R 47 XA B T B AR = B 5 | ) BIE AR A

These and many other puzzles form a lot of projects for the future study, and we hope some will be

answered soon.

X LR DA R H At 22 [RER 1 1 R BARSKIT SR, B TR A B 0 IS RE . H A 2R
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